Complex Mach reflection in shock diffraction problems by Yamamoto, Osamu
Retrospective Theses and Dissertations Iowa State University Capstones, Theses andDissertations
1985
Complex Mach reflection in shock diffraction
problems
Osamu Yamamoto
Iowa State University
Follow this and additional works at: https://lib.dr.iastate.edu/rtd
Part of the Aerospace Engineering Commons
This Dissertation is brought to you for free and open access by the Iowa State University Capstones, Theses and Dissertations at Iowa State University
Digital Repository. It has been accepted for inclusion in Retrospective Theses and Dissertations by an authorized administrator of Iowa State University
Digital Repository. For more information, please contact digirep@iastate.edu.
Recommended Citation
Yamamoto, Osamu, "Complex Mach reflection in shock diffraction problems " (1985). Retrospective Theses and Dissertations. 7898.
https://lib.dr.iastate.edu/rtd/7898
INFORMATION TO USERS 
This reproduction was made from a copy of a document sent to us for microfilming. 
While the most advanced technology has been used to photograph and reproduce 
this document, the quality of the reproduction is heavily dependent upon the 
quality of the material submitted. 
The following explanation of techniques is provided to help clarify markings or 
notations which may appear on this reproduction. 
1.The sign or "target" for pages apparently lacking from the document 
photographed is "Missing Page(s)". If it was possible to obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. This 
may have necessitated cutting through an image and duplicating adjacent pages 
to assure complete continuity. 
2. When an image on the film is obliterated with a round black mark, it is an 
indication of either blurred copy because of movement during exposure, 
duplicate copy, or copyrighted materials that should not have been filmed. For 
blurred pages, a good image of the page can be found in the adjacent frame. If 
copyrighted materials were deleted, a target note will appear listing the pages in 
the adjacent frame. 
3. When a map, drawing or chart, etc., is part of the material being photographed, 
a definite method of "sectioning" the material has been followed. It is 
customary to begin filming at the upper left hand comer of a large sheet and to 
continue from left to right in equal sections with small overlaps. If necessary, 
sectioning is continued again-beginning below the first row and continuing on 
until complete. 
4. For illustrations that cannot be satisfactorily reproduced by xerographic 
means, photographic prints can be purchased at additional cost and inserted 
into your xerographic copy. These prints are available upon request from the 
Dissertations Customer Services Department. 
5. Some pages in any document may have indistinct print. In all cases the best 
available copy has been filmed. 
Univers 
International 
300 N. Zeeb Road 
Ann Arbor, Ml 48106 
8514450 
Yamamoto, Osamu 
COMPLEX MACH REFLECTION IN SHOCK DIFFRACTION PROBLEMS 
Iowa State University PH.D. 1985 
University 
IVIicrofilms 
I ntBrn&tiOn&l SOO N. zeeb Road, Ann Arbor, Ml 48106 
PLEASE NOTE: 
In all cases this material has been filmed in the best possible way from the available copy. 
Problems encountered with this document have been identified here with a check mark V . 
1. Glossy photographs or pages 
2. Colored illustrations, paper or print 
3. Photographs with dark background 
4. Illustrations are poor copy 
5. Pages with black marks, not original copy 
6. Print shows through as there is text on both sides of page 
7. Indistinct, broken or small print on several pages 
8. Print exceeds margin requirements 
9. Tightly bound copy with print lost in spine 
10. Computer printout pages with indistinct print 
11. Page(s) lacking when material received, and not available from school or 
author. 
12. Page(s) seem to be missing in numbering only as text follows. 
13. Two pages numbered . Text follows. 
14. Curling and wrinkled pages 
15. Dissertation contains pages with print at a slant, filmed as received 
16. Other 
University 
Microfilms 
International 
Complex Mach reflection in shock diffraction problems 
by 
Osamu Yamamoto 
A Dissertation Submitted to the 
Graduate Faculty in Partial Fulfillment of the 
Requirements for the Degree of 
DOCTOR OF PHILOSOPHY 
Major: Aerospace Engineering 
Approved: 
jor Woi In Charge of Ma w rk
or the Major Department
For the Graduate College 
Iowa State University 
Ames, Iowa 
1985 
Signature was redacted for privacy.
Signature was redacted for privacy.
Signature was redacted for privacy.
ii 
TABLE OF CONTENTS 
PAGE 
CHAPTER I. INTRODUCTION 1 
CHAPTER II. SHOCK DIFFRACTION PROBLEMS 7 
CHAPTER III. GOVERNING EQUATIONS AND TRANSFORMATIONS 13 
Double Normalization 18 
CHAPTER IV. FINITE-DIFFERENCE METHOD 21 
Special Discretization Formula 22 
CHAPTER V. INITIAL CONDITIONS 27 
CHAPTER VI. BOUNDARY CONDITIONS 34 
Wall Boundary 34 
Ramp Boundary 35 
Reflected Shock 36 
Mach Stem 40 
CHAPTER VII. CONTACT SURFACE CALCULATIONS 42 
Coordinate System 42 
Contact Surface Speed 48 
CHAPTER VIII. NUMERICAL RESULTS 51 
CHAPTER IX. CONCLUSIONS 68 
REFERENCES 69 
ACKNOWLEDGEMENT 72 
APPENDIX A. METRICS OF DOUBLE NORMALIZATION 73 
APPENDIX B. TRIPLE POINT SOLUTION 77 
APPENDIX C. SPLIT COEFFICIENT MATRIX METHOD 84 
APPENDIX D. JUMP CONDITION ACROSS THE DISCONTINUITY 92 
iii 
LIST OF TABLES 
PAGE 
TABLE 1. Metrics of contact surface normalizing transformation ... 45 
iv 
LIST OF FIGURES 
PAGE 
FIGURE 1. Examples of shock diffraction 2 
FIGURE 2. Shock diffraction geometry 3 
FIGURE 3. Domains and boundaries of shock diffraction 4 
FIGURE 4. Schematic diagram of RR and its shock polar 8 
FIGURE 5. Schematic diagram of SMR and its shock polar 10 
FIGURE 6. Schematic diagram of CMR and its shock polar 12 
FIGURE 7. Typical complex Mach reflection 14 
FIGURE 8. Mesh system 19 
FIGURE 9. Reference mesh and floating grid points 24 
FIGURE 10. Self-similar velocities across the reflected shock .... 31 
FIGURE 11. Sublayer grid points at wall boundary 35 
FIGURE 12. Isopycnics of complex Mach reflection 53 
FIGURE 13. Comparison of wall density 54 
FIGURE 14. Numerical simulation of CMR, Isobars 56 
FIGURE 15. Wall pressure and density 57 
FIGURE 16. CMR ( M^ = 1.89, 9^ = 40° ) 60 
FIGURE 17. Wall pressure and density 61 
FIGURE 18. CMR ( M = 2.20, 0 = 40° ) 62 
s r 
FIGURE 19. Wall pressure and density . , 63 
FIGURE 20. CMR ( M = 2.50, 0 = 40° ) 64 
s r 
FIGURE 21. Wall pressure and density 65 
V 
FIGURE 22. CMR ( = 2.70, 0^ = 40° ) 66 
FIGURE 23. CMR ( Mg = 2.80, 8^ = 40° ) 67 
FIGURE 24. Schematic diagram of three shock confluence 80 
FIGURE 25. Domain of dependence 87 
FIGURE 26. Discontinuity in an arbitrary domain 92 
1 
CHAPTER I. INTRODUCTION 
The study of shock diffraction is of considerable importance to 
fluid dynamics researchers in analyzing blast wave effect on ground 
structures and flight vehicles. Typical examples include reflection of 
a shock wave from the wing of a supersonic aircraft due to an external 
store and blast wave diffraction by a building (Figure 1). 
The simplest laboratory experiment designed to study the shock 
diffraction problem consists of a two-dimensional ramp mounted on a 
shock tube wall. When a planar shock encounters a compression ramp, the 
ensuing shock diffraction pattern is determined by the Mach number of 
the incident shock, M^, and the ramp angle 0^. The various combinations 
of and 0^ give rise to four different types of shock diffraction. 
These are regular reflection (RR), single Mach reflection (SMR), complex 
Mach reflection (CMR), and double Mach reflection (DMR). The various 
configurations are shown in Figure 2. 
Although Ernst Mach (1) originally observed RR and SMR in 1878, 
little analytical or numerical work was done on shock diffraction until 
the 1940s when John von Neumann (2,3) rekindled interest in the problem. 
A few years later the CMR and DMR diffraction patterns were first 
identified by Smith (4) and White (5). The transitions among the 
various diffraction cases have received study both analytically and in 
the laboratory. Ben-Dor and Glass (6,7) have recently published data 
identifying the boundaries of the various diffraction regimes. These 
boundaries are shown in Figure 3. 
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In recent years, the numerical simulation of shock diffraction has 
shown potential for providing a vast amount of data which cannot be 
derived from shock tube experiments. Even so, very few numerical 
results are available today for the RR, SMR, and OMR cases. 
One of the early numerical works using a finite-difference approach 
is that of Ludloff and Friedman (8). In their report, both elliptic and 
hyperbolic (time-asymptotic approach) formulations of the governing 
equations were used. The time-asymptotic approach was employed by 
Rusanov (9) and later by Schneyer (10) to solve for RR and SMR. 
However, their shock-captured results failed to correctly predict the 
actual physical flow across the shock wave. Kutler and Shankar (11) 
computed the solution for the RR case using a boundary shock-fitting 
approach. Their results show excellent agreement with the experimental 
data. In a continuation of that work, Shankar, Kutler, and Anderson 
(12) obtained numerical results for SMR using a boundary shock-fitting 
approach and treating the contact surface as a floating discontinuity. 
Their results predicted accurate shock shapes; however, the contact 
surface was not computed correctly. The most recent reported work on 
shock diffraction is that of Woodward and Colella (13). They have used 
a shock-capturing approach with an extremely fine mesh to compute the 
flowfield for the OMR case. 
Unfortunately, earlier numerical results were obtained for isolated 
cases in RR, SMR, and DMR regimes, and no transition case from SMR to 
OMR has been computed. In the present study, solutions in the CMR 
6 
regime, starting from near SMR to just before the second triple-point 
forms, are computed in an attempt to study the evolution of the physical 
process governing the formation of a second triple point and a second 
Mach stem. To do this, the case with = 1.89 and 0^ = 40® (this case 
was computed as SMR earlier by Shankar, Kutler, and Anderson, and serves 
as the comparison of numerical results) is computed first with the 
initial conditions presented in Chapter V. Then the subsequent cases 
with increased (0^ is fixed) are computed using the previously 
computed results as the initial conditions. A comparison case with the 
experimental data (M^ =2.67 and 0^ = 30®) is computed by perturbing 
both M and 0 from the earlier case. This also demonstrates the 
s r 
flexibility of the present numerical codes in computing various cases of 
shock diffraction. 
A first-order accurate, explicit, split coefficient matrix (SCM) 
method is used to integrate the unsteady Euler equations. The boundary 
shock-fitting approach in conjunction with floating discontinuity-
fitting is employed in order to show the sharp discontinuity across the 
contact surface and the details in the neighborhood of the vortical 
singularities. 
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CHAPTER II. SHOCK DIFFRACTION PROBLEMS 
When a moving incident shock strikes a ramp with a large 
inclination angle (0^ > 50°), regular reflection invariably occurs. The 
flow process through the incident shock and the reflected shock can be 
easily understood on the shock polar diagram. A typical RR case and its 
shock polar drawn relative to the incident shock are shown in Figure 4. 
The polar I corresponds to the incident shock and polar R corresponds to 
the reflected shock. The conditions indicated by 1 are in the 
undisturbed region ahead of the incident shock; 2 indicates conditions 
behind the incident shock; and 3 indicates conditions behind the 
reflected shock. When the ramp angle is given, the state 2 is 
determined by the shock angle g and the shock induced Mach number M^. 
Upon passing through incident shock I, the flow is deflected by an angle 
5^ from its original path. The boundary condition on the wall dictates 
that the flow must be deflected back to the original path through the 
reflected shock, i.e., the state 3 is found on the R polar where the net 
deflection angle 6 = 6^ + 6^ is zero. 
The transition from regular to Mach reflection can be accomplished 
by decreasing the ramp angle 0^. For a sufficiently weak incident 
shock, the transition results in a single Mach reflection. A typical 
SMR configuration and the associated shock polars are shown in Figure 5. 
Von Neumann (2) was the first to propose the detachment criterion for 
the transition from a regular to a Mach reflection. According to this 
criterion, the termination of regular reflection takes place when the 
P/Pl 
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FIGURE 4. Schematic diagram of RR and its shock polar 
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detachment point of the reflected shock R* is tangent to the P/P^ axis. 
Physically this condition means that the flow through the reflected 
shock turns just enough to become parallel with the ramp surface. There 
are two other criteria currently proposed; one is the mechanical 
equilibrium condition and the other is the sonic condition. The 
discussion of these criteria is presented in Refs. 14 and 15. 
Further decrease in the ramp angle 0^ from its critical value 
requires a three-shock confluence to satisfy the boundary conditions. 
Since the flow through the reflected shock cannot make a sufficiently 
large turn to become parallel with the ramp wall (see the R" polar of 
Figure 5), the formation of the Mach stem and triple-point results. The 
flows behind the reflected shock and the Mach stem undergo different 
shock processes; therefore, two different thermodynamic states separated 
by a contact surface exist at the triple point. Physical conditions 
require that the pressures and the flow direction must be the same 
across the contact surface. These two states are indicated by 3 and 4 
in Figure 5. It is important to note that in the SMR configuration, the 
flow behind the reflected shock is subsonic; therefore, downstream 
characteristics can reach to the reflection point. 
When the incident shock strength increases, more gradual transition 
takes place from SMR to CMR. Typical CMR and its shock polar are shown 
in Figure 6. The transition from SMR to CMR is noted by a developing 
supersonic flow behind the reflected shock. Unlike the SMR case, 
downstream characteristics cannot reach to the reflection point; hence, 
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FIGURE 5. Schematic diagram of SMR and its shock polar 
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the reflected shock develops a slope inflection below the sonic point. 
In most CMR cases, an irregular shape develops on the reflected shock 
and on the contact surface. The details of these effects are discussed 
in Chapter VIII. 
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FIGURE 6. Schematic diagram of CMR and its shock polar 
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CHAPTER III. GOVERNING EQUATIONS AND TRANSFORMATIONS 
A Cartesian coordinate system shown in Figure 7 is chosen to 
formulate the shock diffraction problem. The origin is located at the 
compression corner, and the x and y axes are oriented in the usual 
sense. 
In an unsteady compressible flow in the (x,y)-plane, conservation 
of mass is expressed by 
^y) Px" Py^ ~ ° 
and conservation of momentum of an inviscid fluid is given by 
"t + vUy + p^/p = 0 (2) 
\ + vVy + py/p = 0 (3) 
If heat transfer by friction, conduction and radiation is neglected, the 
conservation of energy is expressed by 
-t -X -y " ° (4) 
where p and p denote the pressure and density respectively; u and v are 
the components of fluid velocity in the x and y directions; t denotes 
the time; and the entropy S is defined by 
S = Inp - ïlnp (5 )  
As noted earlier, no characteristic length appears in this problem, 
and the shock pattern and the associated flowfield expands at a constant 
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FIGURE 7. Typical complex Mach reflection 
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rate. This type of flow is said to be self-similar in time, and 
solutions can be obtained by integrating the governing partial 
differential equations written in the self-similar coordinates. The 
self-similar transformation of the form 
T = Int 
5 = x/t (6) 
n = y/t 
was originally used by Jones et al. (16) 
Application of the above coordinate transformation to the equations 
(1) to (4) results in 
(u-Ç)pç + (v-Ti)p^ + P(uç+ v^) = 0 
(u-Ç)Uç +  (v-n)Uq +  p_/p =  0 
(7) 
(u-Ç)Vç + (v-Ti)v^ + pq/p = 0 
(u-Ç)Sç + (v-n)Sq = 0 
If we define the self-similar vmlocity components of the form 
U = u - Ç 
(8)  
V = V - n 
and eliminate p by the relation a^=JCp/p, then the governing equations 
reduce to 
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UP J. + YU, + VP^ + yV^ = - 2V 
(9) 
U V .  +  — P  + W  = -  V 
C Y n n 
us_ + vs„ = 0 
Ç n 
where P in the above expressions is the logarithm of p, a is the local 
speed of sound and Y is the ratio of specific heats. 
It follows, since Equations (9) differ from those in the physical 
coordinates only by non-differential terms, that the system is elliptic, 
parabolic or hyperbolic according to 
equations (9) is a mixed set of elliptic and hyperbolic equations. 
These equations can be made completely hyperbolic by reintroducing 
residual terms which will vanish as the time-asymptotic solution is 
computed. The hyperbolic system of equations is 
I 
(10) 
In the CMR regime of shock diffraction, both subsonic and 
:si3t in the flowfielu; hêncê, the system o£ 
17 
P_ + UP- + yUj, + VP + YV = - 2v (11a) 
^ s 'I n 
a2 
^ Pç + UUç + VU^ » - U (lib) 
\ + UVç + ^  P^ + = - V (11c) 
+ USç + VS^ = 0 (lid) 
The governing equations written in self-similar coordinates exhibit 
some unusual properties. The divergence form of the continuity equation 
may be written 
P, + (pU)ç + (pV)^ = -2p (12) 
This shows that the continuity equation has a nonhomogeneous term 
corresponding to a sink distribution proportional to the local density. 
In addition, it can be shown that the energy equation may be written 
M = _ ( ) (13) 
where H is the total enthalpy. In this system, the total enthalpy is 
not constant along the streamlines and experiences changes proportional 
to the velocity squared. 
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Double Normalization 
For the present study, a boundary shock-fitting approach is used to 
compute the reflected shock and the Mach stem. In the shock-fitting 
procedure these shocks are treated as computational boundaries, and the 
computational domain needs to be discretized uniformly between these 
boundaries and other boundaries formed by the wall and the ramp. 
This is accomplished by a double normalization of the form 
Ç - Ç^(Y.T) 
X 
Çg(Y.T) - Çj.(Y,T) 
m 
T = T 
where Ç=Ç^(Y,T) is the ramp boundary, Ç=Çg(Y,T) is the reflected shock 
and Ti=n^(X,T) is the Mach stem equation. 
The mesh system established by the double normalization is fixed 
and referred to as the reference mesh. It can be distinguished from the 
floating mesh on the contact surface which is free to move within the 
reference mesh. The distance between the ramp and the reflected shock 
is divided into equal intervals with mesh spacing of AX, and 
the distance between the wall and the Mach stem is divided into 
intervals with AY spacing. The mesh system generated by the double 
normalization is shown in Figure 8b. 
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Application of the double normalization transformation to the self-
similar Euler equations (11) yields 
+ ÛP^ + YXçU^ + yx/x + + YY^V^ + Zy 
"t + fVx ^tVY = 0 
+ US^ + VS^ = 0 
where U and V are contravariant velocity components of the form 
Û = X + X.U + X V 
X Ç T1 
V = Y + Y-U + Y V 
T 4 n 
Note that the entropy equation (lid) is uncoupled and already in a 
characteristic form; hence, it can be integrated independently from the 
rest of the equations. Necessary metrics of the transformation are 
uerivcu in Appendix A. 
= 0 
(15) 
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CHAPTER IV, FINITE-DIFFERENCE METHOD 
A first-order accurate, explicit, split coefficient matrix (SCM) 
method (17) is used to advance the flowfield in the time-asymptotic 
procedure. Details of the SCM method are presented in Appendix C. The 
SCM algorithm uses both forward and backward differences according to 
the characteristic direction of the governing hyperbolic system of 
equations. In the reference mesh interior where the computational grids 
are not crossed by a floating discontinuity, standard one-sided forward 
differences 
F - F 
•+ = i.-i+l i.-i 
X AX (17) 
Y ~ AY 
( 1 8 )  
and one-sided backward differences 
AX 
- F (19) 
- F 
AY (20) 
are used. 
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Special Discretization Formula 
The floating discontinuity-fitting technique introduces unequally 
spaced mesh intervals when a discontinuity is adjacent to a reference 
mesh point. Therefore the standard spatial differences (17 to 20) must 
be replaced by a special differencing approximation in order to maintain 
the stability and accuracy of the numerical scheme. 
From the orientation of the contact surface with respect to the 
reference mesh (Figure 8b), it is natural to track the contact surface 
movement along the constant X lines, i.e., the contact surface position 
and its flow variables are computed on those points where the contact 
surface intersects with the constant X lines. On other floating grid 
points where the contact surface cuts the constant Y lines, the position 
and the flow variables are interpolated between neighboring floating 
grid points on the constant X lines. 
Figure 9a shows the reference mesh in the vicinity of the contact 
discontinuity. The derivation of a special discretization formula is 
based upon weighting the contributions of neighboring mesh points ( on 
the same side of the discontinuity ) in such a way that the truncation 
error varies smoothly as the discontinuity cuts through the mesh. 
Consider the approximation of derivatives at (i,j). The ordinary Y 
backward difference (20) is replaced by 
2(2 - Ey) (1 - - I) 
(21) 
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and the X forward difference (17) is replaced by 
4 "3 
2(2 - e ) (1 - E_)(2E_ - 1) 
-TTT7 ^s' + (2:% - 3)Fi,j + rrrf Fi,j_i 
(22) 
where 
The derivatives on the other side of the discontinuity are computed 
similarly. The truncation error for Equation (22) is given by 
(22= - + 1) ^ Fxx (23) 
If point (i,j-l) is not available when applying Equation (22), as 
is the case indicated in Figure 9b where two discontinuity points are 
close to each other, then is approximated by 
pi ^ ^ s' ^s" 
X Xg, - Xg„ (24) 
If, however, the distance between the two discontinuity points is 
smaller than AX, the values at (i,j) are interpolated between s* and s". 
Point (i,j-l) is not available when the discontinuity point is 
close to a boundary as shown in Figure 9c. In this case F^ is 
approximated by 
F - F. 
- * SAX (25) 
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25 
if sâX is greater than s*LX which is the smallest spacing allowed in 
order to maintain the stability of the numerical scheme. The smallest 
spacing s*AX, for a given time step AT, is found by 
If, however, cAX is smaller than e*AX, then the derivatives are 
extrapolated along the boundary on the same side of the discontinuity. 
So far, we have discussed the special discretization technique 
applied to the reference grid points. Next, the finite differences 
applied to the floating grid points are discussed. 
In order to compute the contact surface properly, the floating 
discontinuity-fitting procedure requires the normalization of the 
distance between the contact surface and the Mach stem, and the distance 
between the contact surface and the wall boundary. Because of this 
normalization, X derivatives can be approximated from values on the 
floating grid points along the contact surface. However, approximation 
of Y derivatives still needs special dicretization formulae because of 
Consider the approximation of Y derivatives at s in Figure 9a. 
Standard forward and backward differences may be replaced by 
e*AX » AT IU ± a >/x| + X^ | 
n max 
(26) 
unequally spaced mesh intervals adjacent to the contact surface 
(27) 
and 
26 
Ys _Y 1 + c 
(28) 
where 
AY 
e-.IsJLZlzU. 
6Y 
The truncation error for above formula is given by, 
(e - 1) ^  î'yy (29) 
If F. . . or F._- . is not available, then a similar logic as 
l+ijJ 
before for the unequally spaced reference grid points may be used. 
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CHAPTER V. INITIAL CONDITIONS 
For a given set of incident shock Mach number and ramp angle 0^, 
the flowfield must be initialized on all grid points in order to start 
the integration of the governing hyperbolic PDEs, 
To initialize the flowfield at time T = 1, the pressure and the 
density are set equal to unity, and the velocity is set to be zero in 
the undisturbed region 1 (see Figure 7). The flow conditions in region 
2, which are used as the upstream conditions for the reflected shock, 
are calculated from the following Rankine-Hugoniot relations; 
(30) 
(Y + 1) 
(31) 
(Y - 1) + 2 
(32) 
u = u - q (33) 
s 
(34) 
u = u + q 
2 2 s 
(35) 
V = 0 (36) 
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The triple point is located by first assuming its trajectory angle 
X. Then, the triple point coordinates (Ç,i))^p are computed from 
^TP = Ks*l = 
(37) 
TItp = Ç^tanCx + 0^). 
From the conditions in 1 and the triple point location, the 
solution of the three-shock confluence can be computed. This is 
discussed in Appendix B. The resulting information from the triple 
point calculations are the reflected shock slope the contact 
surface slope and the Mach stem slope as well as the 
flow conditions on both sides of the contact surface. 
A suitable standoff distance for the reflected shock is assumed so 
that a cubic polynomial can be used to approximate the initial shock 
shape between the triple point and the wall. The initial Mach stem 
shape between the triple point and the ramp surface is approximated in a 
similar manner. The contact surface is assumed to be a straight line 
from the triple point to the ramp with the slope 3ti^/3Ç computed from 
the triple point solution. 
The flow conditions behind the reflected shock are computed from 
the Rankine-Hugoniot relations (see Figure 10). 
1. Unit normal and unit tangent vectors to the reflected shock; 
A A • . A 3Ç /5r| A 
n = n. i + n j = == i - > = î (38) 
^ ^ /l + \/i +  0Cg/3n)" 
A A 9Ç /3r| A 1. A 
t = t_ i + t j = i + , j (39) 
^ y 1 + 0Ç /3n): \/l + OC /3n)' 
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2. Self-similar velocity components in region 2; 
^2 ' ("z - Sg) 1 + (v^ - Hg) j (40) 
' 9/ n (41) 
Szt - q,' C (42) 
where (%g*%g) is a point on the reflected shock. 
3. Relative velocity with respect to the moving shock; 
K /3T S ( 3Ç /9T is initially assumed zero.) 
Hs n ® 
S. ' %n - 's 
-n a 
2 
where is the shock speed in its normal direction, and 
aÇ^/3T is the component of shock speed with which the 
reflected shock is actually advanced. 
4. Conditions behind the reflected shock; 
Py = ^2 1 +  T TT (^2n -
(44) 
M = ^  (45) 
(46) 
(Y + 1) 
c = P — (47) 
- ^(Y - 1) M" + 2 
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- - 2 q = q —— 
%a = Sn + % 
St = %t 
q, = U  i  +  V  i -  q _ n  +  q ^ ^  t  
(48) 
(49) 
(50) 
(51) 
The flow conditions behind the Mach stem can be computed in a 
similar fashion by replacing the upstream conditions. 
The initial conditions along the wall boundary can be obtained by 
integrating the energy equation of the form 
(52) 
At the wall, V is zero, and U is approximated by a linear variation, 
n = TT 
s 
0 < E < C (53) 
where is the self-similar velocity at the shock, and is the 
standoff distance. The integration of Equation (52) yields the local 
speed of sound as a function of position along the wall; 
- 2  
>('•  ' t) 0 -< Ç,-< 
(54) 
REFLECTED SHOCK 
zn 
(2 )  
an 
(3) 
q =q -q 
zn ^ 
(2)  
Sn'Sn-'ïs 
(3) 
MOVING SHOCK RELATIVE VELOCITIES 
W.R.T. SHOCK 
FIGURE 10. Self-similar velocities across the reflected shock 
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where the subscript s denotes values at the reflected shock. Using the 
entropy relation, 
where the entropy S is constant and the same as that behind the 
reflected shock. 
The point where the contact surface meets the ramp is a vortical 
singularity. Since the self-similar velocity is zero, and the pressure 
achieves a local minimum at the vortical singularity, these variables 
along the ramp are approximated by a parabolic variation between the 
stagnation comer 0 and the vortical singularity VS, and between VS and 
the Mach foot M. The entropy between 0 and VS is constant and the same 
as that along the wall, and between VS and M. it Is constant and the 
same as that behind the Mach stem. 
The velocity components along the contact surface are linearly 
interpolated between the triple point TP and VS. Since the contact 
surface is a streamline, the entropy level on either side of the contact 
surface is constant and the same as that at the triple point. 
Finally, the conditions on the interior grid points are 
initialized. Since the pressure is continuous across the contact 
(55) 
the pressure variation along the wall is found to be 
Inp(Ç) (56) 
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surface, the distribution on the interior grid points is approximated by 
a linear interpolation between the ramp and the reflected shock. The 
velocity components and the entropy are linearly interpolated between 
the ramp and the contact surface, and between the contact surface and 
the reflected shock. 
The procedure described above is used to initialize the flowfield 
for the case of = 1.89 and 9^ = 40° only, and the previously computed 
results are used as the initial conditions for other cases. 
Starting with the initialized flowfield, the governing equations 
are integrated using an explicit, first-order SCM method. 
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CHAPTER VI. BOUNDARY CONDITIONS 
The computational region is bounded by the wall, the ramp, the 
reflected shock, and the Mach stem. On these boundaries, only one-sided 
finite differences are available, and the SCM algorithm needs to be 
modified in order to account for the boundary conditions. 
Wall Boundary 
Since the shock diffraction pattern may be viewed as symmetric 
about the Ç-axis which coincides with the wall boundary, the method of 
reflection can be used to treat the wall boundary conditions. By 
providing an imaginary sublayer of grid points as illustrated in Figure 
11, wall grid points are treated in the same way as any other interior 
grid points. In an actual computation, the following backward 
differences are substituted instead of increasing the number of grid 
points. 
Uvn (58) 
%1.1 - " 
'Y(l,j) " AY "Y(l,j) 
0 - (-V„ .) 
v., _ (59) 
Y(l,j) AY Y(l,j) 
The entropy equation at the wall reduces to 
= 0 (GO) 
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Since both velocity components vanish at the stagnation corner, the 
entropy value there needs to be artificially updated by assigning to it 
the entropy value of adjacent grid point. 
REFLECTED SHOCK 
(2,j+l) 1(2,1) 
(l.j+1) 
SUBLAYER 
GRID POINTS 
FIGURE 11. Sublayer grid points at wall boundary 
Ramp Boundary 
Since the SCM method uses the characteristic information of the 
governing hyperbolic PDEs to advance the flowfield, Kentzer's 
characteristic approach (18) is most conveniently adapted to the SCM 
algorithm to treat the ramp boundary. 
36 
Normally, there are three compatibility equations available in the 
interior of the computational region. However, the compatibility 
equation associated with the characteristic pointing from the exterior 
of the domain toward the boundary cannot be used. Thus, there are only 
two equations available at the ramp boundary. The following two 
compatibility equations are derived in Appendix C. 
^ 'x + i " - ( Tl + TÎ " 4 "ï 
+ 1 [1 + ( X|ï| + X*Y* )] X' 1= (61) 
- ^  ( X|Y* - X*Y| ) &: + 2Y = 0 
VJ + 77 X| ( X|Y* - X*Y| ) [ X: ] 
,  ,  (62) 
- X| ( X|RY| + X*Y* ) X^ + V = 0 
These equations are solved for the pressure and one of the velocity 
components. Then, the second velocity component can be computed from 
the flow tangency condition 
U = V tan9^ (63) 
Reflected Shock. 
At the reflected shock boundary, two characteristics; one stream 
line and one wave front characteristic, reaching from the upstream of 
the shock front must be eliminated. This results in the following 
compatibility equation available at the reflected shock. 
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+ ï ( XM? + X* Vf ) ' - %x 
- i [1 + ( X*ï| + X*Y* )] X' 
- i [1 - ( X|Y| + X*Y» )1 X| ^ (64) 
- i <• "f S - ' 4 'ï 
- J ( X| U + X* V ) - 2Y 
Now and can be expressed in terms of using the Rankine-
Hugoniot relations as follows. First, taking the time derivative of 
Equation (51), 
9T + %n 
9ng 
9T~ 9T • "zt TT 
9T "n + Sn 9T 
(65) 
= ÂT— "n ÂT- + ÂT— "f + 9 _ â?- (66) 
where "n = n^i + n^j is a unit normal vector to the shock, q^^ is the 
normal component of the self-similar velocity behind the shock and q^^ 
is the tangential component of the self-similar velocity ahead of the 
shock. The acceleration terms seen on the RHS of Equations (66) and 
(67) are obtained from Equations (41) to (51) as follows: 
3T 9T Ï + 1 \ 52 / 3T '•"> 
3q 3Ç an- Sn 9n^ 
3T^ — ( "2 - ) — - — % - % af (68) 
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3q 3E 3n 3n, 
= âf - Ss ) âf - âf *5 - % âf 
where 
3nç 3Cg/3T 
— " i  ^  3ïi (70) 
(71) 
3n 9Ç /8T 
T T "  âîT 
3(g^/&n is computed by a central difference of the shock speed 3Ç^/3T, 
and 3II^/3T is set equal to zero since the reflected shock is tracked in 
the Ç-direction. 
Now, from the pressure jump condition across the shock, 
P = Inp^ + In 1^1 + - 1 )j (72) 
we get 
or 
3M - IfJL 
vF' h 2 M ^ 
an 
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Substituting equation (74) into (67) and the acceleration terms into 
Equations (65) and (66) we have 
= R.H.S. of EQ. (64) 
From the above expression, is computed. 
To update the shock position, we propose to compute the shock 
acceleration first. Rewriting Equation (43) we have, 
Taking the time derivative, and using Equation (70) we get the shock 
acceleration of the form 
(77) 
where 3q^/3T is evaluated from Equation (44) as 
(78) 
Substituting Equation (74) into the above expression, 
(79) 
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New shock speed and shock position can be obtained by the simple 
integration, 
3T 3 new 3t + AT old ^_2 (80) 
and 
^slnew ^'s old 4( 3T . 5 new 3T old AT (81 )  
The shock slope is computed by the central difference of the form 
5 
an 
^s i+1 " i-1 
2 An 
(82) 
With the new position, speed, and slope, the flow conditions behind the 
reflected shock are updated using Rankine-Hugoniot relations (46) to 
(51). 
Mach Stem 
For the Mach stem boundary, a compatibility equation similar to the one 
for the reflected shock is obtained. The derivation is shown in 
Appendix C, and only the result is presented here. 
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"T • 3 < °T * 'S "L ' 
i [1 + < X|Y| + X«Y« )1 ): 
i [1 - ( X|Y| + X'Y. )1 Xj q 
(83) 
1 ( X«Y| - XP» ) ÎJI 
^ ( Y* U + Y* V ) - 2Y 
a Ç n 
Â similar procedure, described for the reflected shock, can be 
followed in order to compute the flow conditions behind the Mach stem, 
provided appropriate changes in the upstream conditions are made. 
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CHAPTER VII. CONTACT SURFACE CALCULATIONS 
During the early part of this study, the contact surface 
calculations were found to be extremely unstable. For example, if the 
initial conditions were not sufficiently close to the steady state 
solution while the reflected shock and the Mach stem were stable, the 
contact surface developed a highly irregular shape eventually causing 
the numerical calculations to diverge. Richtmeyer (19) reported similar 
difficulties in computing the contact surface and concluded that the 
instability is due to the physical structure of the contact surface. 
The unstable contact surface stucture in shock diffraction has also been 
reported by USSR researchers (20). In Richtmeyer's progress report, he 
proposed to add artificial tension terms to make the contact surface 
calculations stable. The success of such an approach, however, has not 
been reported. In the present calculations, only correct mathematical 
formulae for the contact discontinuity, rather than introducing 
artificial terms, are used to compute the flow conditions and the 
position of the contact surface. 
Coordinate System 
While the boundary shock-fitting approach was used to treat the 
reflected shock and the Mach stem, the contact surface was computed by 
the floating discontinuity-fitting scheme (21). This approach of 
treating discontinuities in the computational domain has been 
successfully demonstrated in References (21), (22), and (23). 
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In order to compute the contact surface properly, the floating-
fitting procedure requires derivatives along the contact surface as well 
as proper stretching factors for both sides of the contact surface. 
This is accomplished by writing the governing equations in the 
discontinuity oriented coordinate system, i.e., by normalizing the 
distance between the moving contact surface and the fixed boundaries in 
the direction of contact surface movement. From the expected 
topological changes in the contact surface, it seems natural to track 
the discontinuity points in the Y direction along constant X surfaces 
(see Figure 8). The required transformation is given by 
Y = T (84a) 
^ ^ (84b) 
Y = y - 1 (reflected shock side) (84c) 
Y - Y^(X,T) (Mach stem side) 
\ 1 - Y^(X,T) ^ ' 
where Y - Y^(X,T) = 0 is the contact surface equation. Equation (84c) 
normalizes the distance between the contact surface and the wall, and 
Equation (84d) normalizes the distance between the contact surface and 
the Mach stem. Application of the normalizing transformation to the 
governing equations (15) results in 
Q ;j + [ A ] + [ B ] + G= 0 k  =  3 o r 4  (85) 
where 
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[ B ] = \^ [ I ] + [ A ] + t 8 1 (86) 
In the above expressions, Q,G,[Â] and [B] are the same as those of 
Equation (C2) in Appendix C, and [I] is the identity matrix. Subscript 
k indicates the equations are either for the reflected shock side (k=3) 
or for the Mach stem side (k=4) of the contact surface. Necessary 
metrics of the transformation are tabulated in Table 1. 3Y^/3T is the 
contact surface speed and is computed from the jump conditions discussed 
later in this chapter. 3Y^/3X is the contact surface slope in the 
computational domain and can be computed by 
^ w 
where Y^, Y^, and are the metrics of reference mesh and those 
values on the contact surface may be obtained by a linear interpolation 
between the neighboring reference grid points. is the contact 
surface slope in the self-similar coordinate system. 
The method of characteristics is employed to integrate the 
compatibility equations at the contact surface. In a discontinuity-
fitting approach, differencing of flow variables across the 
discontinuity is not permitted. Therefore, the compatibility equations 
associated with the characteristics pointing from the other side of the 
contact surface cannot be used. Elimination of inappropriate 
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TABLE 1. Metrics of contact surface normalizing transformation 
Reflected shock side Mach stem side 
Y 3T Y^(X,T) 3T 
? . .  '  "  3X Y^(X,T) AX 
Y = ^ SY Y^(X,T) 
Y =- ' " 
".T 1 - Y^(X,T) 31 
Y = - ^ 
\X 1 - Y^(X,T) 3X 
Y = ^ 
\y 1 - Y^(X,T) 
characteristics results in two compatibility equations on each side of 
the contact surface. The procedure of obtaining these equations is 
similar to that of the SCM method described in Appendix C. The 
characteristics of [A] are found in Appendix C. The characteristics of 
the [B] matrix are found to be 
'icY - \ • \l + V \ \ï \ <88) 
\ (89) 
' kY ' \ (90) 
where 
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and (91) 
5^ + "kY 's 
^n-'^kx^+^kY^n 
In the above expressions, U and V are contravariant velocity components 
with respect to the (X,Y,T) coordinate system. V is the contravariant 
velocity component normal to the contact surface in (X,Y,T) coordinate 
system and may be set equal to zero along the contact surface. 
On the reflected shock side of the contact surface, we have two 
compatibility equations 
^ F  +  <  +  I N " ; »  ' 4 4  
- i [I - ( )1 X= 
+ Ï- ( '  4 4 
3 
- XI5 % (") 
- ^  ( Y*.U + Y* V ) - 2Y 
a 3Ç 3 31 3 
3 
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T < "31 - ^ tî ".I > - - T < % - 4  ^4 
- f + *^,ei ) a ' an n 3Ç C ' X X 
-3- (?;n Os-T':;?,) 
where and are the same as those found in Appendix C, and 
i ^ "'Y ^3n ) 
On the Mach stem side of the contact surface, we have 
f ".T +ln\i •'let * ':r,K " 'x 
tf 
-i[ l +  (  Ï J j X |  +  Y . ^ X »  ) 1  
- ( ?:N*I - > 4 4 
4 
— X^Y 
+ 2- ( Y*r U + Y*^ V ) - 2y 
a I»Ç «> 4n 4 
f ( ^tn ".I - v.T ) = - i < Vi - «-x - 4 
- ¥ < + ''UH ' 4 4 
u 
^ ( Y* U - Y*r V ) 
a i,n I* k 
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where 
An additional equation is supplied by the condition that no velocity 
flux is allowed across the contact surface. This is expressed by 
n  .  ( U i  +  V j  ) - n .  ( U i  +  V j  )  / g g \  
3 3 4 4 V-*"/ 
or 
"C ( \  ^ °n ° (99) 
where 
^ ^ 'o 3r| /3Ç A. . 
n = nj^ i + n j - i + = j 
^ ^ 1 + ( 3n /3Ç ) 1 + ( 9ri /3Ç ) 
(100) 
is the unit normal vector to the contact surface. 
Equations (92), (93), (95), (96) and (99) are solved simultaneously 
for five unknown variables, the pressure and the two velocity components 
on each side of the contact surface. The entropy levels are constant 
along the contact surface and the same as at the triple point. 
Contact Surface Speed 
In order to advance the contact surface position, its speed is 
computed first from the jump conditions which hold across the 
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discontinuity (24). Applying the jump condition derived in Appendix D 
to the present contact discontinuity, we have 
3Y 9Y 
9^ [ W ] - -^ [ X^W + XçE + X^F ] + [ Y^W + Y^E +' Y^F ] = 0 
(101) 
where the flux vectors are 
"p •pu •pv 
w = pu E =» P + pU^ F - puv 
.pv. _puv .P + pv\ 
(102) 
and [W] denotes the jump in the quantity W. Suppose we choose 
to use the X-momentum equation ( the same result will be obtained by the 
use of the continuity equation or the Y-momentum equation ) in the jump 
condition (101). Then, the contact surface speed is 
3Y 
c  
9T 
9Y 
( - 9ir \ ) 
9Y 
(103) 
9Y 
- i r h  ' ' ^ <''n -TT"-, 
I  p u  J  
and substituting Equation (87), we get 
9Y 9Y 
TT " ( - aT \ ) (104) 
an. 9n. 
( 9r "s 
4 + ^  ÂR 
V, ) - ^ IT "u " ^ 
p u  - p u  
3 3 4 k 
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The first term of Equation (104) is the grid speed and may be set equal 
to zero since the reference mesh is fixed by the double normalization 
(14). The condition (99) implies that 
9ri 3n 
af ( ^3 " ^3 ) " âf ( ^4 " \ 
where q^ is the contact surface speed in the physical space. Finally 
the contact surface speed in computational coordinates simplifies to 
(106) 
The contact surface position is advanced by the simple integration 
3Y 
(107) 
After updating the new position, the slope can be computed by a curve 
fitting technique. In the present approach, a cubic spline is used to 
fit the contact surface. The spline fitting is progressed from the 
triple point down to the vortical singularity since the contact surface 
slope is known at the triple point from the solution of the three-shock 
confluence. 
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CHAPTER VIII. NUMERICAL RESULTS 
The computational grid system for all cases presented in this 
chapter consists of 11 points in the X direction and 21 points in the Y 
direction. An average of 2000 time steps was taken to ensure the 
convergence of the solutions, which required approximately 16 minutes of 
computer time on a CDC CYBER 173. 
Numerical results in the form of density contours are compared with 
Ben-Dor's experimental data (25) in Figure 12. The experimental 
conditions for the case were reported to be a Mach number of 3.74 and 
the ramp angle of 30 degrees. However, in order to achieve the same 
density ratio across the incident shock, the present numerical results 
were obtained for a Mach number of 3.67. The shock shape predicted by 
the numerical computation shows good agreement with the experimental 
data except at the bottom of the reflected shock, which is clearly due 
to the boundary layer along the wall and cannot be predicted by the 
present inviscid model. The trajectory angle of the present result is 
8.74 degrees as compared to 8 degrees from experimental data. The end 
of contact surface is seen to form a vortex region in the shock tube 
experiment. This may be explained by the fact that the contact surface 
can be thought of as a vortex sheet, and the roll up at its end may be 
due to the viscous effect. In Figure 13, the density variations along 
the wall are compared. A similar tendency is observed along the ramp 
surface. Larger discrepancies are seen across the reflected shock and 
near the intersection of the slip surface and the ramp, which is 
referred to as the vortical singularity. 
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The present numerical results show that the vortical singularity is 
moved toward the Mach stem to develop the irregularly curved contact 
surface as depicted in Figure 12b. Examination of USSR reports 
(References 26 and 27) and the recent numerical work by Woodward and 
Collela (13) reveals a similar physical picture of this phenomena. The 
experimental data show the coalescing compression waves at the slope 
inflection on the reflected shock. This may be due to a supersonic 
turning of the flow behind the reflected shock. However, the present 
numerical results show a very weak compression wave emanating from 
immediately below the contact surface due to a subsonic flow deflection 
over the ramp. The supersonic flow seems to be directed in a straight 
path as can be seen from the straight contact surface and the straight 
reflected shock. However, the flow is gradually turned away from the 
ramp in the subsonic region below the sonic line because of the 
downstream characteristics reaching that region. 
The numerical results are also compared with the earlier 
calculations of Shankar, Kutler, and Anderson (12) in Figures 14 and 15. 
A similar computational approach was used in this earlier study. The 
conditions for the comparative case were = 1.89 and 0^ = 40®. The 
pressure contours show good agreement. The shape of the contact surface 
and the location of the vortical singularity show some differences. As 
noted earlier, these differences are probably due to difficulty in 
correctly treating the contact surface in Reference 12. Present results 
show a slightly curved contact surface reaching the ramp at a glancing 
-^ -•0.126 
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(a) Present numerical results, = 3.67 (b) Experiment, Ben-Dor (Réf. 24) 
M = 3.74 
s 
FIGURE 12. Isopycnics of complex Mach reflection (0^ = 30°) 
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FIGURE 13. Comparison of wall density 
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angle. The interferogram obtained by Law (28) shows a contact surface 
with a similar shape. The pressure variations along the wall are 
compared in Figure 15. The present results show more variation along 
the ramp surface, and the pressure reaches a lower minimum at the 
vortical singularity. This is because the flow along the contact 
surface is further expanded as it approaches the ramp surface 
tangentially. 
A series of results are presented in Figures 16 to 23 in order to 
demonstrate the transition from single Mach reflection to double Mach 
reflection. These results were obtained by using the previously 
obtained results as an initial condition. The incident Mach number was 
gradually increased from 1.89 to 2.80, while the ramp angle was held 
constant at 40 degrees. 
Figure 16 shows the pressure, the density, and the self-similar 
Mach number contours, and the self-similar velocity vector plot for 
Mg = 1.89. The Mach number M^ behind the reflected shock at the triple 
point is computed to be 1.042. This case is in the CMR regime close to 
SMR. The reflected shock has monotonically increasing slope from the 
triple point to the wall where the shock terminates at a 90 degree 
angle. Isobars show that expansion takes place on both sides of the 
contact surface toward the vortical singularity. The stream lines may 
be visualized from the velocity vector plot and can be seen to converge 
at the vortical singularity. 
(b) Present method 
Numerical simulation of CMR, Isobars = 1.89, 40°) 
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FIGURE 15. Wall pressure and density 
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In Figure 17, the pressure along the wall is seen to reach a local 
minimum at that point. Ludloff and Friedman (8) predicted a similar 
result in their elliptic PDE formulation of the problem. 
Figures 18 and 19 show the results for = 2.20. Isobars and 
isopycnics show very little variation behind the Mach stem. Contrary to 
the previous case, a compression region is developed near the vortical 
singularity. Close examination of the self-similar velocity (Figure 
18d) along the ramp reveals a stagnation point immediately below the 
vortical singularity and another vortical singularity further down the 
ramp where the majority of the stream lines converge. It can be seen 
from the Mach number contours (Figure 18c) that the development of the 
compression wave is due to the rapid deceleration of the flow in the 
vicinity of the new self-similar stagnation point. Despite the 
developing supersonic flow behind the reflected shock, no curvature 
inflection can be detected in the shock shape. This may be explained by 
the fact that the compression wave just developed near the ramp has not 
reached the reflected shock. Hence, the incoming flow through the shock 
is not affected. Another important observation throughout the present 
investigation is that the triple-point structure, i.e., the reflected 
shock, the contact surface, and the Mach stem, rotates counterclockwise 
(based on the figures depicted) as the incident Mach number is 
increased. Because of this, the flow bounded between the shock and the 
contact surface must deflect further as it approaches ,the ramp. 
Therefore, the development of the compression wave is due to two 
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factors, larger flow deflection angle and flow with higher self-similar 
velocity approaching the ramp. 
Figures 20 and 21 show the results for = 2.50. The reflected 
shock develops a curvature inflection due to the compression wave 
reaching from the self-similar stagnation point immediately below the 
vortical singularity. The reflected shock and the contact surface are 
seen to be straight up to the sonic line. Higher stagnation pressure 
moves the end of the contact surface toward the Mach stem. The flow 
behind the Mach stem is continuously compressed toward the self-similar 
stagnation point (Figure 20a). The compression wave immediately below 
the contact surface has been reported in References 26 and 27. 
The results for = 2.70 are shown in Figure 22. The reflected 
shock can be seen to develop a kink, and the further development of the 
compression wave reaching the reflected shock is clear. The sonic line 
is just above the kink and a rapid compression takes place immediately 
below the kink in the shock wave. 
The last case computed is for = 2.80, and the results are shewn 
in Figure 23. The sonic line is advanced to the kink, and hence, this 
case may be considered to be near the transition from CMR to DMR regime. 
The Mach number M^ behind the reflected shock is computed to be 1.395. 
It is evident from these results that the incipient second Mach stem in 
DMR is formed from the coalescence of compression waves immediately 
behind the sonic line. A further increase in the upstream Mach number 
requires a strong shock instead of a finite compression wave in order to 
achieve the required pressure jump and a subsonic downstream flow. 
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(a) Isobars (b) Isopycnics 
(c) Mach number (d) Self-similar velocity vector 
FIGURE 16. CMR ( Mg = 1.89, 9^ = 40" ) 
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FIGURE 18. CMR ( = 2.20, 8^ = 40° ) 
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(a) Isobars (b) Isopycnics 
(c) Mach number (d) Self-similar velocity vector 
FIGURE 20. CMR ( = 2.50, 8^ = 40° ) 
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(a) Isobars (b) Isopycnics 
I 
(c) Mach number (d) Self-similar velocity vector 
FIGURE 22. CMR ( = 2.70, 8^ = 40° ) 
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(c) Mach number 
FIGURE 23 
(d) Self-similar Velocity vector 
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CHAPTER IX. CONCLUSIONS 
Numerical solutions of shock diffraction in the complex Mach 
reflection region have been obtained for the first time. A finite-
difference scheme was used in conjunction with boundary shock and a 
floating discontinuity-fitting approach for the present study. The 
origination of a compression wave in CMR has been revealed, and its 
interactions with the reflected shock and the contact surface have been 
clearly demonstrated. It is evident from the results that an accurate 
computation of the contact surface, i.e., its position and shape, as 
well as its flow properties, is imperative for the accurate prediction 
of the developing compression wave. The supersonic flow region behind 
the reflected shock and the compression wave were found to be 
responsible for the formation of a smooth slope inflection (near SMR) 
and a kink (near DMR) on the reflected shock. It was observed during 
this investigation that the rotation of the triple-point structure is 
partly responsible for the development of compression waves with 
increasing incident Mach number. For the last case, the CMR flowfield 
immediately prior to the DMR regime has been computed, and the formation 
of the second triple point and the incipient second Mach stem is clearly 
seen. It requires further implementation of the present numerical code 
in order to actually compute a solution in the DMR regime. However, 
this study represents a significant step in the development of the 
numerical approach in analyzing shock diffraction problems. 
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APPENDIX A. METRICS OF DOUBLE NORMALIZATION 
The computational mesh system for the complex Mach reflection is 
established by a double normalization of the form; 
? - 5 (Y,T) 
f(C,ri,T; X,Y,T) = X - ç^(y,T) - Ç^(Y,T) ' ° 
g(5,n,T; x.Y,T) = Y - ^  ° ° (Ai) 
m 
h(Ç,n,T; X,Y,T) » T - T » 0 
Note that and t are the independent variables of the implicit 
functions f,g and h. 
The metrics of the transformation are found from vector calculus 
(29), and these are; 
X = - 3(f»g.h) / 3(T.Y.T) 
J 
Y = . aCf.K.h) / 3(E.Y.T) 
^ J 
X = - 3(f.g.h) / 3(n.Y.T) 
J (A2) 
_ 3(f,%,h) / 3(X.T.T) 
J 
Y = - 9(f.g»h) / 3(X.g.T) 
^ J 
Y = - / 3(X.-:.T) 
J 
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T_ = -
B(f.g.h) / 3(X.Y.T) 
X =x - aCf.S.h) / 3(X,Y.S) 
^ J 
(A3) 
_ 3(f.g.h) / SCX.Y.r,) 
J 
where 
a(f.S.h) 
a(X,Y,T) 
f„ f f 
X Y T 
®x ®Y 
^x 
is the Jacobian of f,g and h with respect to X,Y and Z. After 
substituting the following identities; 
= 1 
T, = T = 0 
4 n 
fx = ST = 1 
^ = S- = 0 
^ ^ = «T = = hç = h =0 
(A4) 
the metrics (A2) and the Jacobian (A3) are simplified to 
\ = h Xr = - 4 Sr 
= ^X 
"n = -
(A5) 
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J - 1 - fy Sx (A6) 
The derivatives appear on the right hand side of (AS) are obtained as 
follows : 
9Y 
4 = 
Sg(Y,T) - Çj.(Y,T) 
/as ,  
3T~ VâT-'-gT"/ 
SgCY.T) - g^(Y,T) 
Y 3r 
«T " 
n^Cx,T) 
m 
9X 
or. 
m 
9T (A7) 
fr = -
Sg(Y,T) - Cj(Y,T) 
Sn 
T1„(X,T) in 
Finally, the geometric derivatives are obtained by 
a a 
•^ = Iy ( n cote^ ) = -^ [ Y n„(x=o) cot8_ ] = ç„(x=0) 
3L as, 
9Y" = — (A8) 
— = ^ GOtO; — (X=0) 
where 3Ç^/3n is the slope of the reflected shock and numerically 
computed by a central difference; 3ti^/34 is the Mach stem slope and 
computed in a similar manner; 3Ç^/3t and 3ti^/3t are the reflected shock 
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speed and the Mach stem speed and computed by the shock-fitting 
procedure in Chapter VI. 
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APPENDIX B. TRIPLE POINT SOLUTION 
In Chapter I, it was pointed out that various forms of shock 
diffraction depend on two parameters, the incident shock Mach number 
and the ramp angle 0^. In the following discussion, we assume and 0^ 
are given so that one of the Mach reflections (three-shock system) 
results. 
Following the initialization of the flowfield discussed in Chapter 
V, the flow conditions in region 1 (see Figure 24a) are set equal to; 
p^= 1 
p^= 1 
"l' ° (Bl) 
V = 0 
1 
In the physical plane, the triple point travels along a straight 
path denoted by the triple point trajectory angle X. To locate the 
coordinates of the triple point initially at T = 1, the trajectory angle 
must be assumed. In this study, an approximate X was obtained either 
from experimental data (Reference 25) or from the previously computed 
results. Then, the triple point coordinates are 
^TP " "s ^1 (B2) 
Itp = ?TP t*n( X + 0J. ) 
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The conditions in region 2 are easily obtained from the flow conditions 
in region 1 and the oblique shock relations. However, these relations 
are derived for a stationary shock; thus, the self-similar properties of 
the flowfield are utilized so that the shock structure can be viewed at 
rest. First, the self-similar velocity components are computed as 
"l " "l " ^ TP " ' ^TP 
VI = VI - TITP = - HTP 
(B3) 
Then, the conditions in region 2 are computed by 
M 
yû2+v2 
* 1 1 
6^  - 90' - ( X + 8^  ) 
M = M sin 0 
in 1 1 
6 = tan ^ 
2 
2 cot S 
M" - 1 
m 
^ (Y + 1) - 2M^ + 2 
1 m 
(B4) 
1 + ^ ^ 
YM' 
in 
P. = P. 
(Y + 1) M" 
1  (Y - 1 )  + 2  
^ '  in  
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- "i p" 
2 
V = V 
2 1 
To compute the conditions in regions 3 and 4, an iterative 
procedure is developed to compute the solution of the three-shock 
confluence. The following procedure can be easily understood on the 
shock polar diagram shown in Figure 24b. First, the detachment point D 
of the reflected shock is found from 
6 = 
3 max 
sin + ^ M 
2 2 lo 
M = M sin 6 
2n 2 3max 
5 =» tan 
max 
-1 
2 cot g 
- 1 
2n 
3 max (Y + 1) - 2 +2 
2 2n 
(B5) 
smin 2 'max 
where 5^^ is the maximum deflection angle achievable through the 
reflected shock. At this stage, the pressure difference across the 
contact surface may be computed. The pressure p^^ on the reflected 
shock side is 
PsD = Pz 1 + 7^ 
(B6) 
1) / 
/ TRIPLE POINT 
TRAJECTORY 
MACH STEM 
CONTACT SURFACE 
FIGURE 24. Schematic diagram of three shock confluence 
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The shock angle corresponding to 6^ = may be obtained from the 
solution of the following polynomial: 
sin 6 + a sin S + a sin 6 + a =0 
4 1 H 2 "• 3 
where 
M'' + 2 
a = - ^ - Ysin^ô 
: M: 
2 MT + 1 
1 
M" 
1 
cos^ 6 
(Y + 1)\ Y - 1 
1 
a = -
SIN^ 5 
(B7) 
The smallest of the three roots corresponds to a decrease in entropy and 
should be disregarded (Reference 30). The mid root corresponds to the 
weak shock solution, and the largest root corresponds to the strong 
shock solution which is required by the Mach stem. Then, the pressure 
p,„ on the Mach stem side is 
P.D = P; Si*' - 1 )] (B8) 
If the pressure difference p^^ - p^^ is zero, then the solution of three 
4D 
shock system would have been obtained. If, however, the two pressures 
are different, the following iterative procedure is used to compute the 
solution. 
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The idea of the Iterative scheme is to adjust the net deflection 
angle 6^ in a systematic way until zero pressure difference (within a 
convergence tolerance) across the contact surface is achieved. 
1. Compute p^ and p^ as described before, and define 
= P3 -  P4 (B9)  
If I f^ I < e, then stop, where e is the preset convergence 
tolerance (e was set equal to 10 '). 
2. Perturb 5^ by a small fixed amount (Aâ^ was set to 
0 . 0 1 ° ) .  
53* = 83 + ^ ^3 (BIO) 
3. Compute from the polynomial (B7) using 6 = - 63 . If 
P3D > p^jj then Pg = mid root, if not, = largest root. 
4. Compute from (B7) using 5 = . 
5. Compute p^ and p^ from Equations (B6) and (B8), and set 
f = P3 - P4 (BID 
6. Approximate the derivative of f^ by 
df _ f* -
663 A63 
(B12) 
7. Update the deflection angle by 
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= Ô3^ 51 (B13) 
dSs 
and repeat from step 2 with i=i+l. 
After the convergence criterion is satisfied, the following 
information can be obtained. The reflected shock slope at the triple 
point is 
9Ç 
s 
tan (Bi + $3 + 62) (B14) 
(B15) 
9n 
the slope of the Mach stem is 
^ = tan (Gf + X + 6^) 
and the contact surface slope is 
= tan ( S 3  + X + 0^) = tan ( 6 4  + X + 8^) (B16) 
Finally, the rest of the flow conditions on each side of the contact 
surface can be computed from the oblique shock relations (46) to (51) in 
Chapter V. 
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APPENDIX C. SPLIT COEFFICIENT MATRIX METHOD 
In the present work, the governing gas dynamic equations presented 
in Chapter III are integrated by a first-order accurate, explicit finite 
difference method, the split coefficient matrix (SCM) method. The SCM 
method uses the information propagated along the characteristics of the 
hyperbolic system of equations to advance the dependent variables in the 
time like direction. In this appendix, the governing equations written 
in the self-similar coordinate system are further developed into a split 
coefficient matrix form. 
The nonconservative form of the gas dynamic equations (15) in 
Chapter III may be written in a vector form 
Oj. + [A] Qx + [B] Qy + G = 0 (Cl) 
where 
P 
Q - U 
V 
' a 
G = U (C2) 
V 
u V YY^ YY^ 
[ A ] = ^ Xç U 
U 
0 B V 
0 V 
0 
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Here, the entropy equation is omitted since it is already in a 
characteristic form and can be integrated separately from the rest of 
the equations. 
If we write the coefficient matrices [A] and [B] in a 
characteristic form, Equation (CI) is equivalent to 
where is the characteristic matrix whose diagonal elements are the 
eigenvalues of the coefficient matrix [A], and is the similarity 
transformation matrix whose rows are the left eigenvectors associated 
"i + \ \ "x + T;' + 0 = 0 (C3) 
with the diagonal elements of A^. The elements of these matrices are: 
U 0 0 
A = 0 U + a 0 
A 
0 0 U - a /X* 
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2 /X* 
where 
1 
a 
_ I 
a 
2 X *  
"I 
-2 Xi 
^ = >/ x| + x^ 
^ 
x„ 
X* = — 
The transformation matrices corresponding to the [B] matrix have the 
same form except X and U are replaced by Y and V, respectively. Then, 
the split coefficient matrix form is defined by 
.+ -1 - -1 + 
+ A; Oy + \ Sy + ° ° 
where is split into two diagonal matrices whose diagonal contains 
only positive eigenvalues and whose diagonal elements are all 
negative. Ag is separated likewise. 
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Now, in order for the characteristic information to be correctly 
propagated, the space derivatives must be differenced according to the 
characteristic directions. For example, the derivative must be 
approximated by a backward difference since it is associated with the 
positive characteristics. This reasoning is clearly understood from the 
domain of dependence illustrated in Figure 25. Â forward difference is 
indicated by the + sign over the space derivatives, and a backward 
difference is indicated by the - sign. 
TA 
1 \ + 
BACKWARD 
DIFFERENCE 
FORWARD 
DIFFERENCE 
X 
FIGURE 25. Domain of dependence 
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Expanding Equation (C4), we have the following compatibility 
equations applicable to the interior of the computational domain 
''x ^Y 
(C5) 
"*• 2 Y  ^ X^ ^ X "• '^ 'X X^  ^ 2 Y  ^ ~ ^ Y  ^
- X| xl ll - Y* xl Z,[ + V = 0 
X X Ç Y Y 
where 
X: . 0 . V 
x3 = ÏÏ + a v/p" x3 = V + a ^Y* 
X^ = U- a^ X^ = V - a 
'x = ''x-i(^rx + ^ rx) 
"Y - ''t 'ï 
. P, + J ( Y| + Y. V, ) 
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4 ' ^ 1 "Y + "y ) 
All spatial derivatives are differenced according to the sign of the 
eigenvalues multiplying them. 
At the computational boundaries, only one-sided differences (either 
in the X or Y direction depending on the boundary) are available. 
Therefore, special compatibility equations must be developed for such 
places. At the ramp boundary, the characteristic is positive and is 
directed toward the boundary from the exterior of the domain. 
Therefore, the compatibility equation associated with the 
characteristic must be discarded and replaced by an auxiliary equation 
applicable to the boundary. This is done by first premultiplying 
Equation (C3) by T^ ^  to obtain 
"T + & "X + \ S? + ° ' ° (CS) 
Then, the second row of the above equation is discarded. The resulting 
COîTipâtibility êquâtionâ â£ê: Tliêâê equà&ionâ àre : 
+ I [1 + ( X|Y* + X*YA )] &Y (C7) 
- ( X*Y* - X*Y| ) &Y + 2Y " 0 
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« i  +  i v i  (  - x j  ^  1  
(C8) 
- X| ( X|Y| + X*Y* ) X' + V . 0 
The auxiliary equation at the ramp boundary may be the flow tangency 
condition 
U = V cot0^ 
At the reflected shock boundary, the characteristics and 
must be eliminated. The resulting compatibility equation is 
Pi + f ( X| Oi + X» 
+ i [1 + ( X|ï| + X*T« )] 
+ i [1 - ( X|Y| + X»Y« )] (C9) 
+ i < Tn - > 4 4 
+ ^ ( X* U + X* V ) + 2Y = 0 
The Rankine-Hugoniot relations applicable to the shock front are used to 
replace the missing equations at the reflected shock boundary. At the 
Mach stem boundary, a similar procedure is followed to eliminate the 
characteristics Xy^ and Xy^. The resulting compatibility equation at 
the Mach stem is 
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 ^ ï < 'I "i ^  "t > '4 4 
+ i[i + ( X|ï| + Xj.ï» )1 (CIO) 
+ i [I - ( X|ï| + X«Y« )1 4 
+ Ï < T; - ' 4 4 
+ 1 ( Y* U + Y* V ) + 2Y = 0 
Missing 
used at 
equations are replaced by the shock relations similar to those 
the reflected shock. 
92 
APPENDIX D. JUMP CONDITION ACROSS THE DISCONTINUITY 
Consider a hyperbolic system of gas dynamic equations written in 
the conservation law form 
+ E^ + Fy + B = 0 (Dl) 
in a domain D of the (X,Y,T) space. The domain D is divided into and 
by the surface C(X,Y,T) = 0 (Figure 26). 
C(X,Y,T) = 0 
X 
FIGURE 26. Discontinuity in an arbitrary domain 
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W,E and F are continuous in and R^, but have discontinuity across the 
surface C(X,Y,T) = 0. Then, W is said to be a weak solution in D if it 
satisfies the equation 
+ + dX dY dT - 0 (D2) 
where 0(X,Y,T) is an arbitrary test function which is continuous and has 
continuous derivatives in D, and vanishes on the boundary and the 
exterior of D. Integrating (D2) by parts, we get 
J( WT + Ejj + FY + B ) (J) dX dY dT 
Ri 
+ J( WT + Ejj + F^  + B ) (|) dX dY dT 
Rz 
(j) ds = 0 
(D3) 
where IT^ is the unit normal to the R^ side of the discontinuity surface, 
and n^ is the unit normal to the R^ side of C. 
The first two integrals are zero from the conservation 
equations(Dl). Observing"n^z-n^, we can write the last integral as 
« n i $ d s =  0  (D4) 
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Since the integral (D3) vanishes for all test functions, we arrive at 
the jump condition 
[ W ] + [ E ] + Qy [ F ] - 0 (05) 
which holds across the surface C(X,Y,T), where [W] represents the jump 
in the quantity W, and the normal vector is given by 
9C(X,Y,T) 
^ (06) 
